Explicit formulae are found that give the unique Tschirnhausen cubic that solves a geometric Hermite interpolation problem. That solution is used to create a planar G1 spline by joining segments of Tschirnhausen cubits. If the geometric Hermite data is from a smooth function, the Tschirnhausen cubic approximates the smooth function. The error in the approximation of a short segment of length h can be expressed as a power series in h. The error is O(h4) and the coefficient of the leading term is found.
Introduction
The Tschirnhausen cubic, hereafter referred to as the T-cubic, is the unique cubic curve that has a Pythagorean hodograph [S] . Some advantages of T-cubic curves are that they are parametric curves, the arc length can be expressed as a polynomial function of the parameter, the curvature can be expressed as a rational function of the parameter, the offset curve is a rational function of the parameter (these last three properties result from the fact that the T-cubic has a Pythagorean hodograph), and they can be expressed as cubic NURBSs for compatibility with existing computer aided design software.
The two-point geometric Hermite interpolation problem is to find a function that passes through two points and matches unit tangent vectors at those points. It is shown there is a unique, simple (does not self-intersect) T-cubic that solves a very general two-point geometric Hermite interpolation problem. The T-cubic can be found using explicit formulae.
A planar G' (continuous unit tangent) spline made of T-cubits can be created by replacing each quadratic in a quadratic B-spline with a T-cubic that matches the corresponding geometric Hermite data. For comparison, a method for creating a planar G' spline by joining spiral segments of T-cubits or circular arc/spiral segment combinations was recently described [ll] .
The T-cubic that matches the geometric Hermite data from a short segment of length h of a smooth function is a good approximation of that smooth function. The error in the approximation is 0(h4) (the notation O(hP) represents a power series in h starting with a term in hP) and the coefficient of the leading term of the error is found. The accuracy of approximation by quadratic and cubic curves is discussed in recent papers: de Boor et al. [l] show that a second-order geometric Hermite (matching points, unit tangents, and curvatures) interpolating cubic approximates a smooth function with error O(h6) ; Feng and Kozak [6] and Schaback [12] describe quadratic approximations to a smooth function and find the error is O(h4). Although of higher degree, the T-cubic behaves in many ways like a quadratic [3] , so the O(h4) error that the T-cubic exhibits is not unexpected. In this paper, the coefficient of the leading term of the error is also given; previous authors give only the order of the error.
Geometric Hermite interpolation with a T-cubic
The two-point geometric Hermite interpolation problem considered here is to find a simple parametric curve that passes from one given point A to another given point B and that matches given unit tangent vectors tA at A and tB at B. Assume that A and B are distinct; otherwise, the curve would intersect itself at A. It is convenient when working with Pythagorean hodograph curves to use complex number notation [3] . Without loss of generality, assume A is the origin and B is on the positive real axis. The tangent vector of the T-cubic rotates clockwise or counterclockwise throughout any segment of the curve; a T-cubic has no inflection points. Here assume that the tangent vector rotates counterclockwise as one traverses the curve; this gives a curve of positive curvature. Now restrict the Hermite data such that tA points below the real axis and tB points above the real axis, or 13, = arg tA E ( -rr, 0) and f& = arg tB E (0, 7~) (see Fig. 1 ). This restriction on the unit tangent vectors excludes Hermite data which might require a curve with an inflection point. The restriction leads to a unique, simple T-cubic as the solution to the two-point geometric Hermite interpolation problem. Theorem 1. For given geometric Hermite data, A, B, tA, and tB, where A and B are distinct points on the real axis, 13, E (-E:, 0), and 13~ E (0, x) , a unique, simple T-cubic that matches the geometric Hermite data exists. The T-cubic can be found using explicit formulae. Proof. Let ul, v2 , and u3 be the three edges of the Bezier control polygon of the T-cubic (see Fig. 2 ). In polar form, uk = rkeiok, where Yk > 0, k = 1,2,3. The condition that a cubic BCzier curve is a T-cubic is
the condition that the cubic Btzier passes through A and B is
and the condition that the cubic Bezier curve matches unit tangent vectors at A and B is 0r = eA and e3 = &.
It will now be shown that Eqs. (l)-(3) determine u1,u2, and u3 uniquely. Eq. (1) implies that rz = r1 y3 and e2 = (0, + 8,)/2. Thus, Eq. (2) can be written with only y1 and r3 as unknowns. Since B -A is on the real axis, the imaginary part of (2) The three edges u1,n2, and u3 can be found as follows. Calculate R from (5) rl from (6), r3 = R2r1,r2 = , e1 = OAT e3 = I!&, and o2 = $(tiA + 0,). Since A is the origin, the T-cubic is 3t(l -Q2v, + 3t2(1 -t)(ur + u2) + P(Ul + u2 + u3).
It is clear from the order ofA and B, and the restrictions on the angles 0, and OB, that the Bezier control polygon for the T-cubic does not form a loop. This implies that the T-cubic is a simple curve [13, 14] . This argument is necessary because when the parameter of a T-cubic ranges from -co to + co, the T-cubic does form a loop. IJ
A T-cubic spline
A T-cubic spline can be created from a uniform quadratic B-spline curve. The T-cubic spline uses the same control points and satisfies the same convex hull property as the quadratic B-spline. Let the quadratic B-spline control vertices be F$, V,, , . . , V,. The corresponding Bezier control vertices Bk for the quadratic segments of the B-spline are (see Fig. 3 The uniform knot quadratic B-spline is a G' curve. A G' T-cubic spline can be formed by replacing each quadratic segment in the quadratic B-spline with the T-cubic that satisfies the same geometric Hermite data that the quadratic satisfies. In each segment, the angle restriction for geometric Hermite interpolation by a T-cubic is satisfied.
Asymptotic error in the geometric Hermite interpolating T-cubic
Let Q(o) be a smooth planar curve with an arclength parameter cr. Differentiation gives
and so on, where t(o) is the unit tangent at Q(a),n(a) is the unit normal at Q(o), and k(a) is the curvature at Q(cr). Q(h) can be expanded by Taylor From here on, the many Taylor expansions involved in the error analysis will be listed in the Appendix.
Find the T-cubic
Follow the procedure outlined in Section 2. At Q(0) the unit tangent t(0) is given in (A.l) and at Q(h) the unit tangent t(h) is given in (A.2). The angles 0, and tIB can be found through the inverse sin function sin-l x = x + bx3 + 0(x5) applied to imaginary parts of (A.l) and (A.2) and are given in (A.3) and (A.4); (!I2 is +(tIA + 0,) and is given in (A.5). R can be calculated from Eq. (5), given in (A.6); r1 can be calculated from Eq. (6), given in (A.7); r3 can be calculated from the equation r3 = R2rl, given in (A.8); and r2 can be calculated from the equation r2 = J-r1 r3, given in (A.9). The three vectors vk = rk eiek, k = 1,2,3, can now be found and are given in (A.lO)-(A.12). Finally, the T-cubic is P(t) = 3t(l -t)2 u1 + 3t2(1 -t)(v, + u2) + t3(u, + 1)2 + V,), 0 < t d 1.
Find the error
The curveP(t), 0 < t < 1, approximates the curve Q(sh), 0 < s < 1. The error will be measured in the following way. At any point Q(sh), extend the normal n(sh) until it crosses P(t) and identify the t value, t = t,, at which this happens (see Fig. 4 ). The error is the largest distance from P(tJ to Q(sh), or Let Y(t) be the cubic polynomial in t,
Y(t) = V'(t) -QW))
. W4, n(sh) Fig. 4 . Error in approximation by a T-cubic. then each t, must be a zero of Y(t) in the interval (0,l). From (7) and (8) 
and u3 .t(sh) = 1/3h + 0(h2), so all these dot products are positive for small enough h. That means that Y'(t) is the sum of positive functions for t in (0,l). Thus, Y(t) has exactly one zero t, in (0,l).
The value for t, could be found with the formula for the zeros of a cubic. However, here t, will be found by an iteration method which does not depend on a formula for the zeros of a polynomial. From geometric considerations, one would expect the zero of (11) in (0,l) to be near s. Writing (11) in terms of s and At, t = s -At,
From (7)-(9), y(At) can be written (12) y(At) = a3(At)3 + a2(At)" + al At + ao.
where the coefficients ao, al, a2, and a3 are given in (A.13)-(A.16). Since the coefficient of At in y(At) is O(h) and the coefficients of the other terms are O(h') and 0(h3), it is useful to write the equation y(At) = 0 as At = -2 -2 (At)' -; (At)3.
( 13) This rearrangement shows that At is O(h) and can be used to find the power series for At. Substitute At = ao/uI on the right side of (13) to produce At including powers of h3 on the left. The root t, is given in (A.17) .
and modulus of this error is
Theorem 2. The maximum error in approximation of a smooth function Q(sh) by the geometric Hermite interpolating T-cubic on the range 0 d s < 1 for small h is
Proof. The largest value of the leading term of (14) for s in (0,l) occurs for s = 3. This value substituted into (14) gives the result. 0
The approximation is applied to a clothoid curve C(t) = (C(s), S(S))~, where C(s) and S(s) are the Fresnel integrals [7] (see Fig. 5 ). The parameter is the arclength parameter for this curve and the curvature k(s) = rcs. The results of the approximation are shown in Table 1 .
When h is halved, the error becomes approximately 1/16th of what it was. This is the behaviour one would expect from an error that is O(h4) . The expression (15) for the leading term of the error approaches the calculated error as h decreases. -8k4 -2;8k'; + 12kk" h3 + 25kt3 -33k4k' -45kk'k" + 18k2k"' u1 
